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Abstract
Andrews has established a reﬁnement of the generating function for partitions p according
to the numbers rðpÞ and sðpÞ of odd parts in p and the conjugate of p; respectively. In this
paper, we derive a reﬁned generating function for partitions into at most M parts less than or
equal to N; which is a ﬁnite case of Andrew’s reﬁnement.
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1. Introduction
A partition p of n is a weakly decreasing sequence of positive integers whose sum
equals n; p can be written as
p ¼ ð1f12f23f34f4?Þ;
where exactly fi part of p are equal to i (see [1, p. 1].) We denote the conjugate of p by
p0 and the number of odd parts of p by OðpÞ:
Stanley [5,6] has shown that
tðnÞ ¼ 1
2
ðpðnÞ þ f ðnÞÞ; ð1:1Þ
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where tðnÞ is the number of partitions of n for which OðpÞ  Oðp0Þðmod 4Þ; pðnÞ is
the number of partitions of n; and f ðnÞ is deﬁned by
XN
n¼0
f ðnÞqn ¼
Y
i¼1N
ð1þ q2i1Þ
ð1 q4iÞð1þ q4i2Þ2:
Deﬁnition 1.1. For any integers N; n; r; and s; let SNðn; r; sÞ be the number of
partitions p of n; where each part of p is less than or equal to N; OðpÞ ¼ r; and
Oðp0Þ ¼ s:
Andrews [2] has examined SNðn; r; sÞ: As a corollary, he has derived a reﬁnement
of the generating function for partitions according to OðpÞ and Oðp0Þ and proved
(1.1) in an analytic way. Sills [4] and Boulet [3] have independently given
combinatorial proofs of the case when N tends to inﬁnity.
Deﬁnition 1.2. For any integers N; M; n; r; and s; let SN;Mðn; r; sÞ be the number of
partitions p of n counted by SNðn; r; sÞ where p has at most M parts.
In this paper, we examine the generating function for SN;Mðn; r; sÞ and establish a
combinatorial proof of an explicit expression for the generating function. The idea of
the combinatorial proof will be generalized to provide combinatorial proofs of
Andrews’ results. We explain what partitions f ðnÞ counts in Section 3.
Throughout this paper, we use boxes for Ferrers graphs instead of dots.
MacMahon introduced modular partitions [1, p. 13]. Let n and k be positive integers.
Then there exist hX0 and 0ojpk such that n ¼ kh þ j: The modular representation
of a partition to the modulus k is a modiﬁcation of the Ferrers graph so that n is
represented by a row of h k’s and one j: Thus the representation of 5þ 4þ 4þ 3þ 1
to the modulus 2 is the following:
2 2
2 2
2 2
2 1
1
1
2. Main results
Let
ða; qÞ0 :¼ 1; ða; qÞn :¼ ð1 aÞð1 aqÞð1 aq2Þ?ð1 aqn1Þ; nX1
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and let the q-binomial coefﬁcient be deﬁned by
n
k
 
q
¼ ðq; qÞnðq; qÞkðq; qÞnk
ð2:1Þ
for k ¼ 0; 1;y; n and a nonnegative n: Note that the q-binomial coefﬁcient (2.1) is
the generating function for partitions into at most k parts less than or equal to n  k:
Throughout this paper, for convenience, we deﬁne
n
k
 
q
¼ 1 for k ¼ 0;
0 for k40;

for any nok:
Theorem 2.1. If SN;Mðn; r; sÞ is as defined in Section 1, thenX
n;r;sX0
S2N;2Mðn; r; sÞqnzrys
¼
XM
k¼0
ðzqÞ2k N þ k  1
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðyzqÞm1q4
m1
2ð Þ M  k
m1
 
q4
	 M  k þ j  m1
j  m1
 
q4
XNj
m3¼0
ðzq=yÞm3q4
m3
2ð Þ M  k
m3
 
q4
	 M þ N  k  j  1 m3
N  j  m3
 
q4
;
X
n;r;sX0
S2N;2Mþ1ðn; r; sÞqnzrys
¼
XM
k¼0
ðzqÞ2k N þ k  1
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðyzqÞm1q4
m1
2ð Þ M þ 1 k
m1
 
q4
	 M  k þ j  m1
j  m1
 
q4
XNj
m3¼0
ðzq=yÞm3q4 m32ð Þ M  k
m3
 
q4
	 M þ N  k  j  m3
N  j  m3
 
q4
and X
n;r;sX0
S2Nþ1;2Mþ1ðn; r; sÞqnzrys
¼
XM
k¼0
ðzqÞ2k N þ k
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ð1þ yzqÞðyzq5Þm1q4
m1
2ð Þ
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	 M þ 1 k
m1
 
q4
M  k þ j  m1
j  m1
 
q4
XNj
m3¼0
ðzq=yÞm3q4
m3
2ð Þ
	 M  k
m3
 
q4
M þ N  k  j  m3
N  j  m3
 
q4
:
Proof. Let p be a partition counted by S2N;2Mðn; r; sÞ: We write
p ¼ ð1o12e13o24e2?ð2N  1ÞoN ð2NÞeN Þ;
where exactly oi parts of p are equal to 2i  1 and exactly ei parts of p are equal to 2i:
Let P be the modular representation of p to the modulus 2. Then P has parts of size
i a total of ðoi þ eiÞ times for i ¼ 1;y; N: There are oi parts of size i whose last boxes
have 1: For instance, P of ð102130425360Þ is
2 2 1
2 2 1
2 2
2 2
2
2
2
1
We cut the odd parts of size 2i  1 out 2Ioi=2m times from p so that the parts ending
with 1 in the modular representation *P of the resulting partition *p are distinct. We
form a modular partition P
 using the parts cut out from p: Let k ¼PNi¼1 Ioi=2m;
which is less than or equal to M: Since P
 is a modular partition into 2k parts that
are less than or equal to N; and end with 1; and the parts of P
 have even
multiplicity, P
 is generated by
ðzqÞ2k N þ k  1
k
 
q4
: ð2:2Þ
For instance, P
 and *P of ð102130425360Þ are as follows:
2 2 1 2 2
2 2
2
2
2
1
2 2 1
Note that the parts of *P ending with 1 are all distinct, and *P has at most M  k
parts. Moreover, the number of odd parts of *p0 is equal to that of the conjugate p0 of
p; since we cut out from p the odd parts of size 2i  1 a total of 2Ioi=2m times. We
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add up the numbers inside the boxes in rows 2j  1 and 2j of the graph of *P and put
the sums into the boxes in rows 2j  1 deleting rows 2j to obtain a Ferrers graph
ﬁtting inside the rectangle of size ðM  kÞ 	 N: For instance, *P of ð10 21 30 42 53 60Þ
becomes
4 4
4 2
1
Let mi be the number of columns whose last boxes have i for i ¼ 1; 2; 3; 4 in the
resulting graph. Then,
m1 þ m2 þ m3 þ m4pN:
The columns with 2 in the last boxes contribute twice to s; and the columns with 3
in the last boxes contribute once to each of r and s: Thus those columns are
generated by
ðyqÞ2m2 M  k  1þ m2
m2
 
q4
ðzyq3Þm3q4
m3
2ð Þ M  k
m3
 
q4
¼ ðyqÞ2ðm2þm3Þ M  k  1þ m2
m2
 
q4
ðzq=yÞm3q4 m32ð Þ M  k
m3
 
q4
; ð2:3Þ
since the columns with 3 in their last boxes are of different length. On the other hand,
the remaining columns have either 1 or 4 in their last boxes. The columns with 1 are
of different length and they contribute once to r and s at the same time. Thus those
columns are generated by
ðzyqÞm1q4
m1
2ð Þ M  k
m1
 
q4
q4m4
M  k  1þ m4
m4
 
q4
: ð2:4Þ
Since m1 þ m2 þ m3 þ m4pN; let m2 þ m3 ¼ N  j for some j and m1 þ m4pj: The
sum of (2.3) all over m2 and m3 with m2 þ m3 ¼ N  j becomes
XNj
m3¼0
ðyqÞ2ðNjÞðzq=yÞm3q4
m3
2ð Þ M  k
m3
 
q4
M  k  1þ N  j  m3
N  j  m3
 
q4
ð2:5Þ
and the sum of (2.4) all over m1 and m4 with m1 þ m4pj becomes
Xj
m1¼0
ðzyqÞm1q4
m1
2ð Þ M  k
m1
 
q4
M  k þ j  m1
j  m1
 
q4
; ð2:6Þ
since
Xjm1
i¼0
q4m4
M  k  1þ m4
m4
 
¼ M  k þ j  m1
j  m1
 
by identity (3.3.9) in [1].
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Summing identities (2.2), (2.5), and (2.6) over all kpM and jpN; we obtain the
ﬁrst identity of the theorem
X
n;r;sX0
S2N;2Mðn; r; sÞqnzrys
¼
XM
k¼0
ðzqÞ2k N þ k  1
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðzyqÞm1q4
m1
2ð Þ M  k
m1
 
q4
	 M  k þ j  m1
j  m1
 
q4
XNj
m3¼0
ðzq=yÞm3q4 m32ð Þ M  k
m3
 
q4
	 M  k  1þ N  j  m3
N  j  m3
 
q4
:
Similarly, we can prove the other two identities. We omit the proofs. &
Andrews [2] has found special cases of the generating function for SN;Mðn; r; sÞ
when M tends to inﬁnity. We prove Andrews’ results in the following theorem.
Corollary 2.2. If SNðn; r; sÞ is as defined in Section 1, then
X
n;r;sX0
S2Nðn; r; sÞqnzrys
¼
XN
j¼0
N
j
 
q4
ðzyq; q4Þjðzy1q; q4ÞNjðyqÞ2N2j
 ! 	
ðq4; q4ÞNðz2q2; q4ÞN
. 
:
and
X
n;r;sX0
S2Nþ1ðn; r; sÞqnzrys
¼
XN
j¼0
N
j
 
q4
ðzyq; q4Þjþ1ðzy1q; q4ÞNjðyqÞ2N2j
 ! 	
ðq4; q4ÞNðz2q2; q4ÞNþ1
. 
:
Proof. We take M to inﬁnity in the ﬁrst formula in Theorem 2.1. Then, we have
X
n;r;sX0
S2Nðn; r; sÞqnzrys ¼ lim
M-N
X
n;r;sX0
S2N;2Mðn; r; sÞqnzrys
¼ lim
M-N
XM
k¼0
ðzqÞ2k N þ k  1
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðyzqÞm1q4
m1
2ð Þ
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	 M  k
m1
 
q4
M  k þ j  m1
j  m1
 
q4
XNj
m3¼0
ðzq=yÞm3q4
m3
2ð Þ M  k
m3
 
q4
	 M þ N  k  j  1 m3
N  j  m3
 
q4
¼
XN
k¼0
ðzqÞ2k N þ k  1
k
 
q4
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðyzqÞm1q4
m1
2ð Þ
ðq4; q4Þm1ðq4; q4Þjm1
	
XNj
m3¼0
ðzq=yÞm3q4
m3
2ð Þ
ðq4; q4Þm3ðq4; q4ÞNjm3
¼ 1ðzq2; q4ÞN
XN
j¼0
ðyqÞ2ðNjÞ
Xj
m1¼0
ðyzqÞm1q4
m1
2ð Þ
ðq4; q4Þm1ðq4; q4Þjm1
	
XNj
m3¼0
ðzq=yÞm3q4
m3
2ð Þ
ðq4; q4Þm3ðq4; q4ÞNjm3
¼ 1ðzq2; q4ÞNðq4; q4ÞN
XN
j¼0
N
j
 
q4
ðyqÞ2ðNjÞ
Xj
m1¼0
j
m1
 
q4
ðyzqÞm1q4
m1
2ð Þ
	
XNj
m3¼0
N  j
m3
 
q4
ðzq=yÞm3q4
m3
2ð Þ
¼ 1ðzq2; q4ÞNðq4; q4ÞN
XN
j¼0
N
j
 
q4
ðyqÞ2ðNjÞðzyq; q4Þjðzq=y; q4ÞNj
by identities (3.3.7) and (3.3.6) in [1]. We obtain the same result by taking the limit in
the second formula in Theorem 2.1.
Here we present a combinatorial proof of the generating function for S2Nðn; r; sÞ;
which can be derived from the method for the ﬁnite cases. We rewrite the ﬁrst
identity as
X
n;r;sX0
S2Nðn; r; sÞqnzrys ¼ 1ðz2q2; q4ÞN
XN
k¼0
ðzyq; q4ÞNkðzy1q; q4Þkðy2q2Þk
ðq4; q4ÞNkðq4; q4Þk
:
Let p be a partition counted by S2Nðn; r; sÞ: We write
p ¼ ð1o12e13o24e2?ð2N  1ÞoN ð2NÞeN Þ;
where exactly oi parts of p are equal to 2i  1 and exactly ei parts of p are equal to 2i:
We consider the modular representation of p: We cut out part i ending with 1 a total
of 2Ioi=2m times. These parts form a partition p
 generated by
1
ðz2q2; q4ÞN
: ð2:7Þ
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Let the resulting partition be *p: Note that the modular representation *P of *p has
boxes with 1 at the corners and the number of odd parts of the conjugate *p0 of *p is
equal to the number of odd parts of the conjugate p0 of p: We add up the numbers
inside the boxes in rows 2j  1 and 2j of the graph of *P and put the sums into the
boxes in rows 2j  1 deleting rows 2j: Suppose that there are k columns whose last
boxes have either 2 or 3: The columns with 2 contribute twice to s; and the columns
with 3 contribute once to r and s: Thus those columns are generated by
ðy2q2 þ zyq3Þðy2q2 þ zyq7Þ?ðy2q2 þ zyq4k1Þ
ðq4; q4Þk
; ð2:8Þ
since the columns with 3 in their last boxes are of different length. On the other hand,
the remaining columns have either 1 or 4 in their last boxes. The columns with 1 are
of different length and they contribute once to r and s at the same time. Thus those
columns are generated by
ð1þ zyqÞð1þ zyq5Þ?ð1þ zyq4ðNkÞ3Þ
ðq4; q4ÞNk
: ð2:9Þ
Combining the two cases above, we obtain the ﬁrst identity of the theorem.
The generating function for S2Nþ1ðn; r; sÞ can be obtained in a similar way. We
omit the proof. &
One of the referees has pointed out that we can get identity (4.1) in Andrews’
paper [2] by letting N tend to inﬁnity after replacing j by N  j in the ﬁrst identity in
Theorem 2.1.
By letting N tend to inﬁnity in the formulas in Corollary 2.2, we have the following
reﬁnement of the generating function for partitions obtained by Andrews [2]. A
combinatorial proof of Corollary 2.3 can be derived by generalizing the idea we
employed in the combinatorial proofs of the ﬁnite cases. Thus we omit the proof.
Corollary 2.3. Let SNðn; r; sÞ be the number of partitions p of n such that p has r odd
parts and the conjugate p0 of p has s odd parts. Then
X
n;r;sX0
SNðn; r; sÞqnzrys ¼
YN
j¼1
ð1þ zyq2j1Þ
ð1 q4jÞð1 z2q4j2Þð1 y2q4j2Þ: ð2:10Þ
3. Remarks
As Andrews pointed out [2], we can easily see from the generating function (2.10)
that OðpÞ  Oðp0Þðmod 2Þ: Recall that tðnÞ is the number of partitions of n for which
OðpÞ  Oðp0Þðmod 4Þ: Andrews showed that
tðnÞ ¼ 1
2
ðpðnÞ þ f ðnÞÞ; ð3:1Þ
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whereXN
n¼0
f ðnÞqn ¼
YN
i¼1
ð1þ q2i1Þ
ð1 q4iÞð1þ q4i2Þ2:
To see that tðnÞ is equal to ðpðnÞ þ f ðnÞÞ=2; we examine the generating function
(2.10). In (2.10), the factors ð1þ zyq2j1Þ and 1=ð1 q4jÞ have nothing to do with the
parities of OðpÞ and Oðp0Þ: However, by changing the negative sign to positive in the
other factors 1=ð1 z2q4j2Þ and 1=ð1 y2q4j2Þ; we see that p has weight
ð1ÞjOðpÞOðp0Þj=2:
Thus f ðnÞ is equal to the number of partitions p of n where OðpÞ  Oðp0Þðmod 4Þ
minus the number of partitions of p of n where OðpÞcOðp0Þðmod 4Þ: Therefore, tðnÞ
is equal to half of ðpðnÞ þ f ðnÞÞ:
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